In this paper, the inequality of boundedness for the multilinear fractional singular integral operators associated to the weighted Lipschitz functions is estimated. The operators include the Calderón-Zygmund singular integral operator and the fractional integral operator. MSC: 42B20; 42B25
Introduction
As the development of the singular integral operators, their commutators and multilinear operators have been well studied (see [-] ). In [-, -], the authors proved that the commutators and multilinear operators generated by the singular integral operators and BMO functions are bounded on L p (R n ) for  < p < ∞. Chanillo (see [] ) proved a similar result when singular integral operators are replaced by the fractional integral operators. In [-], the boundedness for the commutators and multilinear operators generated by the singular integral operators and Lipschitz functions on L p (R n ) ( < p < ∞) and TriebelLizorkin spaces are obtained. In [, ] , the weighted boundedness for the commutators generated by the singular integral operators and BMO or Lipschitz functions on L p (R n ) ( < p < ∞) spaces are obtained. The purpose of this paper is to study the weighted boundedness for some multilinear operators associated to the fractional singular integral operators and the weighted Lipschitz functions. As application, the weighted boundedness for the multilinear operators associated to the Calderón-Zygmund singular integral operator and the fractional integral operator is obtained.
Notations and theorems
In this paper, we are going to consider some multilinear operators as follows. Definition  Let T : S → S be a linear operator, and there exists a locally integrable function K(x, y) on R n × R n such that
T(f )(x) =
R n K(x, y)f (y) dy for every bounded and compactly supported function f , where K satisfies: for fixed  ≤ δ < n and  < ε ≤ ,
and
Given bounded and compactly supported functions f defined on R n , the multilinear operator associated to T is defined by . The purpose of this paper is to study the weighted boundedness properties for the multilinear operator. Throughout this paper, Q will denote a cube of R n with sides parallel to the axes. For a cube Q and a locally integrable function
It is well known that (see [, ] )
which is the Hardy-Littlewood maximal function when p =  and η = . The A p weight is defined by (see [] ) 
The A(p, q) weight is defined by (see [] )
Given a weight function w. For  < p < ∞, the weighted Lebesgue space L p (w) is the space of functions f such that
For β >  and p > , letḞ β,∞ p (w) be the weighted homogeneous Triebel-Lizorkin space. For  < β < , the weighted Lipschitz space Lip β (w) is the space of functions f such that
We shall prove the following theorems in Section .
Theorem  Suppose that T b is the multilinear operator as Definition
 such that T is bounded from L u (R n ) to L v (R n ) for any  ≤ η < n,  < u < n/η and /u -/v = η/n. Let  < β ≤ , β + δ < n, w ∈ A  and D α b j ∈ Lip β (w) for all α with |α| = m j and j = , . . . , k. Then T b is bounded from L p (w) to L q (w -q(k-(δ+k)/n) ) for any  < p < n/(δ + k + kβ) and /p -/q = (δ + k + kβ)/n.
Theorem  Suppose that T b is the multilinear operator as Definition
 such that T is bounded from L u (R n ) to L v (R n ) for any  ≤ η < n,  < u < n/η and /u -/v = η/n. Let  < β < min(/k, ε/k), β + δ < n, w ∈ A  and D α b j ∈ Lip β (w) for all α with |α| = m j and j = , . . . , k. Then T b is bounded from L p (w) toḞ kβ,∞ q (w -q(k-(δ+k-kβ)/n) ) for any  < p < n/(δ + k) and/p -/q = (δ + k)/n.
Proofs of theorems
We begin with some preliminary lemmas. 
To prove the theorems, we need the following lemmas.
Key Lemma  Suppose that T b is the multilinear operator as Definition
 such that T is bounded from L u (R n ) to L v (R n ) for any  ≤ η < n,  < u < n/η and /u -/v = η/n. Let  < β ≤ , β + δ < n, w ∈ A  and D α b j ∈ Lip β (w) for all α with |α| = m j and j = , . . . , k. Then there exists a constant C  such that for every f ∈ C ∞  (R n ),  < s < n/δ andx ∈ R n , sup Q x  |Q| Q T b (f )(x) -C  dx ≤ C k j= |α j |=m j D α j b j Lip β (w) w(x) k+kβ/n M δ+k+kβ,s (f )(x).
Key Lemma  Suppose that T b is the multilinear operator as Definition
Proof of Key Lemma  Without loss of generality, we may assume k = . Fix a cube
Now, let us estimate I  , I  , I  , I  and I  , respectively. First, by Lemmas  and , we get
Thus, by the (L s , L t )-boundedness of T with  < s < n/δ and /t = /s -δ/n, we obtain
For I  , similar to the proof of I  , we get
Similarly, for I  , we obtain, for  < s < n/δ and /t = /s -δ/n,
For I  , we write
Note that |x -y| ∼ |x  -y| for x ∈ Q and y ∈ R n \Q = ∞ l= ( l+Q \  lQ ). By Lemmas  and , we get
Then, by the conditions on K , we obtain
and Lemma , we get
Similarly,  , and noticing that for b ∈ Lip β (w), w ∈ A  and x ∈ Q, by Lemma , we have
Thus, we obtain
Similarly,
This completes the proof of the lemma.
Proof of Key Lemma  Without loss of generality, we may assume k = . By using the same argument as in the proof of Key Lemma , we have
We obtain
For J  , similar to the proof of I  in Key Lemma , we obtain
This completes the proof of the lemma. http://www.journalofinequalitiesandapplications.com/content/2013/1/303
Proof of Theorem  By Key Lemma , we get the sharp function estimate of T b as follows:
Now, choose  < s < p in Key Lemma , by using Lemma  and notice that w -q(k-(δ+k)/n) ∈ A ∞ and w /p ∈ A(p, q). We get
This completes the proof of the theorem.
Proof of Theorem  Choose  < s < p in Key Lemma , notice that w -q(k-(δ+k-kβ)/n) ∈ A ∞ and w /p ∈ A(p, q). By using Lemmas  and , we obtain This completes the proof of the theorem.
Applications
In this section we shall apply Theorems  and  of the paper to some particular operators such as the Calderón-Zygmund singular integral operator and the fractional integral operator. Then Theorem  holds for T b with δ = .
Application 

